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Abstrat
The persistene exponents assoiated with the T=0 quenhing dynamis
of the two dimensional XY model and a two dimensional uniaxial spin
nemati model have been evaluated using a numerial simulation. The site
persistene or the probability that the sign of a loal spin omponent does
not hange starting from initial time t=0 up to ertain time t, is found to
deay as L(t)−θ, (L(t) is the linear domain length sale ), with θ = 0.305 for
the two dimensional XY model and 0.199 for the two dimensional uniaxial
spin nemati model. We have also investigated the saling (at the late time
of phase ordering) assoiated with the orrelated persistent sites in both
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models. The persistene orrelation length was found to grow in same way
as L(t).
1. Introdution :
Phase ordering of various systems with salar, vetor and more omplex order pa-
rameters has been an ative eld of researh over last few years[1, 2℄. When a system
is suddenly quenhed from a high temperature homogeneous equilibrium phase in to
an ordered phase ( at temperature less than the ritial temperature, Tc ), the system
does not get ordered suddenly. Instead domains of various degenerate phases grow
and in the thermodynami limit the system develops a length sale that grows with
time without any upper bound. Reently we have studied the oarsening dynamis
of the two dimensional quenhed uniaxial nemati [3℄, where it has been established
using a ell dynami sheme [4℄, that in a zero temperature quenhed two dimensional
nemati lattie model, dynamial saling is obeyed and the growth law assoiated
with the linear length sale of domains (L(t)) is similar to that in the two dimensional
XY model [5℄. In both the systems, asymptotially, the domain length sale L(t),
was found to grow as (t/lnt)1/2. Although the interation Hamiltonians have dierent
symmetry, the similar struture of the topologial defets supported by these models
[3, 6℄ (both models possess stable point topologial singularity), is responsible for
similar asymptoti growth law of L(t). So from the point of view of growth law as-
soiated with the dynamial domain length sale L(t), the oarsening dynamis are
indistinguishable. However when we look for more detailed orrelation that exists
within the dynamially evolving non-equilibrium system, it may be possible that the
two models will show dierent features. One suh physial quantity, whih probes
2
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Figure 1: The persistent spins in 200 x 200 2d XY model for t=4000, 6000, 8000 and
10000 after the system is quenhed from a high temperature initial stage to T=0
(white portions represent persistent sites).
the details of the history of the dynamis, is the persistene probability or simply
the persistene. Persistene is an interesting property from both theoretial and
experimental point of view in the eld of non-equilibrium statistial mehanis [7℄.
Persistene in a general non-equilibrium proess may be dened as the probability
that any zero-mean stohasti variable X(t), does not hange sign up to ertain time
t starting from an initial time t=0. Study of persistene in various non-equilibrium
systems is of reent interest [8, 9℄. Here one studies the time evolution of the order
parameter eld, φ(x, t), whih varies in spae as well as in time. Persistene in
a general extended non-equilibrium system may be dened as the probability that
some loal order parameter (xed at a partiular point x in spae) has not hanged
3
Figure 2: The persistent spins in 200 x 200 2d spin nemati model for t=4000, 6000,
8000 and 10000 after the system is quenhed from a high temperature initial stage
to T=0 (white portions represent persistent sites).
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sign up to a ertain time t starting from the initial time t=0. This is more properly
alled the loal or site persistene (another quantity, whih is of relevant interest
in study of non-equilibrium systems, is global persistene [10, 11℄, whih is dened
in the same way for the total value of the order parameter). The denition of
persistene justies that, it probes into the history of the evolution, so the analytial
alulation is diult. The diulty assoiated with the alulation of persistene
in ase of a general non-equilibrium proess may be understood if we look for the
two time orrelator of the proess with the strong restrition that the proess is
Gaussian and a stationary one [12−14℄. A stationary Gaussian proess, is ompletely
determined by its two time orrelator C(τ) =< X(t)X(t + τ) >. However the
persistene probability is known exatly only for few orrelators. For the Stationary
Gaussian Markovian orrelator C(τ) = e−aτ , the persistene probability is given by,
p(τ) =2/pi arcsin(e−aτ ) and in large time it deays as 2/pi e−aτ . But the Gaussian
Stationary non-Markovian orrelators an not expressed in pure exponential form
and the persistene probability sensitively depends on the full funtional form of
the orrelator, not just on its form in the asymptoti limit of time. Hene, the
deay of persistene for non-Markovian proesses is a nontrivial one and an not be
determined exatly. Thus nontrivial deay of persistene simply reets the non-
Markovianness assoiated with the proess. For the simple random walk problem,
whih is a Markovian proess, trivial deay of persistene is observed [8℄. In a general
non-equilibrium dynamis, the normalized two time orrelator in asymptoti limit
of time may be written in the simple saling form f(L(t)/L(t
′
)) ( with t < t
′
and
with the assumed validity of dynamial saling), where L(t) is the diverging dynami
length sale assoiated with the domains in a oarsening system. Clearly this proess
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is nonstationary in real time. However if one makes the transformation u = lnL(t),
then the evolution of the normalized stohasti proess (X(t)/
√
< X(t)2 >) beomes
stationary in the logarithmi sale u and the persistene probability for a Gaussian
proess in asymptoti limit deays as e−θu or simply as L(t)−θ [12℄, where θ is known
as persistene exponent. In some of the papers on persistene, P(t) is assumed
to deay as t−θ
′
, although in general it should deay as L(t)−θ. This is beause
L(t) ∼ t1/z is not always true, z being the dynami growth exponent assoiated with
the growth law of L(t), (e.g. in the present systems L(t) ∼ (t/lnt)1/2) , and hene
P(t) is not always of the form t−θ
′
[15℄. So it will be more appropriate to designate
the power of L(t) in the deay as the persistene exponent.
The exponent θ omes out to be independent of other dynami exponents like the
dynami growth exponent z and autoorrelation or Fisher-Huse exponent λ [1℄ ( in
the saling regime the two time orrelation funtion or the autoorrelation funtion
is given by, C(t, t
′
) ∼(L(t)/L(t′))λ, for t′ >> t). As said earlier, the nontriviality
assoiated with the persistene exponent, simply reets the non-Markovianness as-
soiated with the proess. For the ase of simple 1-d random walk problem, whih
is a Markovian one, the persistene probability is found to deay as p(t) ∼t−θ with θ
exatly equal to 1/2 [8, 16℄. However most of the noneqilibrium dynamial proesses
are non-Markovian and hene nontrivial deay of persistene is generally observed.
For example, even in the simple salar diusion equation (where the stationary two
time orrelator C(τ) is equal to [sech(τ/2)]d/2[17℄, whih is signiantly dierent
from the pure exponential form and hene non-Markovian ) with random initial
onditions, the nontrivial algebrai deay (t−θ) of P(t) has been observed and an-
alytially θ was alulated using an Independent Interval Approximation (IIA). In
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the IIA, the interval of time [0,t℄ is divided into independent zero rossing (where
the zero mean stohasti variable hanges sign) intervals or in the language of prob-
ability, the distribution of suessive zero rossing intervals written as the produt
of their individual distribution [17℄. But IIA estimates ould not be systematially
improved, for whih series expansion methods were used [18℄. The IIA estimates
of θ were, 0.1203 for d=1, 0.1862 for d=2 and 0.2358 for d=3 diusion models and
these values are in good agreement with the simulation results[17℄. Independent In-
terval Approximation ould not be applied to those systems where the zeros are not
uniformly distributed over a time interval [8℄.
A simple example of oarsening system is the zero temperature Glauber dynamis
of 1-d Potts model. Even in this simple one dimensional system the persistene expo-
nent is nontrivial [19℄ and Derrida et. al. ould give an exat solution [20℄. However
the tehnique used ould not be extended to higher experimentally relevant dimen-
sions. For 1-d Potts ase, the value of persistene exponent θ(q) (q is the Potts state)
was found exatly to be −1/8+2/pi2[aros(2−q/
√
2q)℄2 [20℄. So for 1-d Ising model
P (t) was found to deay as t−3/8 or L(t)−3/4 (sine L(t) ∼ t1/2, in ase of 1-d Potts
ase). Calulation of persistene for Glauber Ising ase an not be done using IIA,
beause the onerned proess is non-smooth (where the zeroes are not uniformly
distributed). The exponents were estimated using an approximate method by Ma-
jumdar and Sire [21℄ based on the frame work of Gaussian Closure Approximation
[GCA℄ (in GCA, the Ising spins are assumed to be the sign of a Gaussian funtion),
using variational approah by hoosing the Hamiltonian of a quantum harmoni os-
illator as trial Hamiltonian. The exponents found by this tehnique for Glauber
Ising ases in d=1,2 and 3, were also onrmed numerially [21℄. The exponent θ of
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2d Ising ( 0.195 using GCA ) model, was onrmed experimentally using a twisted
nemati lm whih eetively oarsens via Glauber dynamis [22℄. The persistene
exponent depends on the updating rule of the dynamis. In T=0 dynamis of 1-d
Potts ase the value of θ using parallel (synhronous) updating rule was found to
be exatly double as that of serial (asynhronous) updating rule [9, 23℄. Study re-
lated to nite temperature persistene [12, 24, 25, 26℄, reveals that the temperature
universality is not broken by this new exponent[12, 25℄.
In the present work we have performed a numerial simulation to obtain the persis-
tene exponent assoiated with the T=0 quenhing dynamis of the two dimensional
spin models. These are the XY model and the uniaxial spin nemati model (where
the spin dimensionality is three). As already stated, both systems obey dynamial
saing in a T=0 quenh and the domain length sales as (t/lnt)1/2 in the asymptoti
limit. The purpose of the present study is two fold. It is, to our knowledge, the only
work so far on the study of persistene exponent in a ontinuous spin system and
seondly we have investigated if the persistene exponents dier in the two systems
whih exhibit the same asymptoti dynamial saling growth law. We have also in-
vestigated the saling assoiated with the orrelated persistene sites in both models
and these were found to grow in the same way as L(t).
2. Simulation Tehniques :
The Hamiltonian of two-dimensional XY model is given by,
H = −
∑
<i,j>
(φi, φj)
Where φ is usual two dimensional vetor spin and <i,j> represents nearest neighbor
sites. The equation of motion is given by [27℄,
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Figure 3: Plot of lnP(t) against ln (L(t)) for 400 x 400 XY model. The linearity of
the plot in the asymptoti time limit ensures the deay of the form P(t)= L(t)
−θ
or
(t/lnt)
−θ/2
, with θ = 0.305. The linear region extends from t=3000 to t=10000.
Average over 12 initial ongurations and 400x400 sites were taken.
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∂φi
∂t
=
∑
j
φj −
∑
j
(φi, φj)φj
where sum is taken over nearest neighbor sites. We have omitted any noise in the
equation of motion, hene we are eetively working at T=0 .
The Hamiltonian of the two-dimensional model representing the uniaxial nemati,
is given by ,
H = −
∑
<i,j>
(φi, φj)
2
where φ is the usual three dimensional vetor spin on a two dimensional lattie. In
this model in addition to O(3) symmetry, there exists loal inversion symmetry and
hene it represents a uniaxial nemati. It is also known as the spin nemati model
and resembles the elebrated Lebwohl-Lasher model for uniaxial nemati, where the
nearest neighbor interation is proportional to −P2(cosθ) (P2 is the seond Legendre
polynomial and θ is the angle between two nearest neighbor spin vetors) [28℄. Similar
to two dimensional XY ase, the equation of motion is given by [29℄,
∂φi
∂t
=
∑
j
(φi, φj)φj −
∑
j
(φi, φj)
2φj
where the sum is taken over nearest neighbor sites.
We have performed numerial simulation of disretized versions of the equations
of motion. The time step δt was taken to be 0.02. However all the results shown
in this paper, were found to be independent of δt (for δt <0.1) in the asymptoti
regime. We have presented here results for a 400 x 400 lattie. We did not observe
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any signiant nite size eet by omparing the results obtained for smaller lattie
sizes.
3. Persistene Probability and Saling of Persistene Correlation :
The persistene probability P(t) for ontinuous spin system may be dened as the
probability that starting from the initial time t=0, any one of the omponents of the
ontinuous spin at a xed position in the lattie does not hange its sign up to time
t. Owing to the symmetry, one must average it over all omponents. We have taken
the average over several random initial ongurations as well as over all lattie sites.
Mathematially we an write the persistene probability as,
P (t) = Probability[Si(t
′
)× Si(0) > 0, for all t
′
in [0, t]]
Where Si is the i
th
omponent of the spin vetor at a partiular lattie site.
Saling and fratal formation of the orrelated persistene sites have ahieved
reent interest by various researhers [30, 31, 32℄. In the present work we have
investigated saling in the spatial orrelation of the persistene sites. For this we
have evaluated the normalized two point orretor,
C(r, t) =< ni(t)ni+r(t) > / < ni(t) >
where, < > represents the average over sites as well as random initial onditions.
ni(t)=1 if the i
th
site is persistent otherwise it is 0. This orrelation just gives the
probability that the spin at (i+ r)th site is persistent, given the ith site is persistent.
Beyond a ertain length ξ(t) (persistene orrelation length) the sites are found
11
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Figure 4: Plot of lnP(t) against lnL(t) for 400x400 spin nemati model. The linearity
of the plot in the asymptoti limit ensures the deay P(t)= L(t)
−θ
or (t/lnt)
−θ/2
, with
θ =0.199. The linear region extends from t=3000 to t=10000. Average over 15 initial
ongurations and 400x400 sites were taken.
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to be unorrelated and C(r,t) is simply < n(t) > or the persistene probability
P(t). However for r < ξ(t) there exists strong orrelation. In the orrelated region
C(r, t) shows a power law deay with distane r−α and hene is independent of t or
L(t). So for r < ξ(t), there exists strong orrelation with sale invariant behavior,
whih indiates the expeted self similar fratal struture formed by the persistent
sites [9, 30, 31℄. Now at r = ξ(t), onsisteny demands, ξ−α(t) = L(t)−θ (sine
P (t)∼L(t)−θ), whih simply implies ξ(t) should diverge as L(t)ζ with ζ = θ/α.
Mathematially we an write C(r,t) as,
C(r, t) = r−α for r ≪ ξ(t)
P (t) for r ≫ ξ(t)
Clearly in saling form C(r,t) an be written as,
C(r, t) = P (t)f(r/ξ(t))
13
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Figure 5: The variation of orrelation funtion with distane for the 400 x 400 2d XY
model. For small values of r, C(r,t) is independent of t. For large r, it is same as
persistene probability (lines parallel to x -axis represents P(t)). The data are for
time steps t= 2000, 4000, 6000, 8000 and 10000 (from top to bottom) with persistene
probability P(t) = 0.366, 0.331, 0.313, 0.301 and 0.292 respetively.
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Figure 6: The variation of orrelation funtion with distane for the 400 x 400 2d spin
nemati model. For small values of r, C(r,t) is independent of t. For large r, it is
same as persistene probability (lines parallel to x-axis represents P(t)). The data
are for time steps t= 2000, 4000, 6000, 8000 and 10000 (from top to bottom) with
persistene probability P(t) = 0.561, 0.527, 0.508, 0.496 and 0.487 respetively.
Where f(x) is given by,
f(x) = x−α for x ≪ 1
1 for x ≫ 1
4. Results and Disussions :
In Figure 1 and Figure 2 we have shown how orrelated regions of persistene sites
are formed in the two dimensional XY and the two dimensional spin nemati models
at various times t, after the system was quenhed from the initial homogeneous
15
T=∞ onguration. In Figure 3 we have shown the deay of the persistene with
L(t)=(t/lnt)
1/2
for the two dimensional XY model. The linearity in the log-log plot
reets the deay to be of the form, P (t) = L(t)−θ or (t/lnt)−θ/2 in the late time
regime. The exponent θ we obtained was 0.305. In gure 4 we have depited the
same for two dimensional spin nemati model and the exponent θ we obtained was
0.199.
In Figure 5 and Figure 6 we have shown the orrelator C(r,t) plotted against r
for various values of t for XY model and the spin nemati model. In both gures
it is observed that for small value of r, C(r,t) for eah time overlaps and for large
values of r, C(r,t) is equal to P(t). For small value of r, a r
−α
deay is observed. In
gure 7 and 8 we have shown the log-log plot of saling funtion of C(r,t ) for the
XY model and the spin nemati model. We obtained good ollapse for ζ = 1 (and
hene α = θ) whih implies that the persistene orrelation length ξ(t) diverges as
L(t) or (t/lnt)
1/2
. It is of interest to note that the persistene orrelation length has
similar divergene as that of the length sale assoiated with the domains formed
during oarsening of the system. We point out that, we have also tried to ollapse
our data with the familiar form of the growth law t
1/2
, but were unable to obtain a
good ollapse.
5. Conlusion
We would like to summarize the main ndings of the paper. In the present
work we have studied the site persistene in the T=0 quenhing dynamis of the
two dimensional XY model and two dimensional spin nemati model. Although in
both the models, the dynamial domain length sales L(t), have similar growth laws
in asymptoti limit, the persistene exponents omes out to be dierent. In the
16
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Figure 7: Plot of ln(C(r,t)/P(t)) against ln(r/ξ(t)). The best ollapse is obtained
when the value of ζ = 1, i.e. if ξ(t) ∼ (t/lnt)1/2. The straight line for small values
of r/ξ(t), has slope α equal to 0.305. Whih is equal to the persistene exponent of
the 2d XY model. The data used are for time t=5000, 6000, 7000, 8000, 9000 and
10000.
17
00.05
0.1
0.15
0.2
0.25
0.3
-3 -2 -1 0 1 2 3 4
ln
 ( C
(r,
t) 
/ P
(t)
 )
r(ln / ξ(t) )
Figure 8: Plot of ln(C(r,t)/P(t)) against ln(r/ξ(t) ). The best ollapse is obtained
when the value of ζ = 1, i.e. if ξ(t) ∼ (t/lnt)1/2. The straight line for small values of
r/ξ(t), has slope α equal to 0.191, whih is almost equal to the persistene exponent
of 2d spin nemati model. The data used are for time t=3000, 4000, 5000, 6000,
7000, 8000, 9000 and 10000.
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XY model, it is 0.305 while in the spin nemati model it is 0.199. We have also
investigated the saling struture of persistene sites for both the models. We got
the growth law of persistene orrelation length to be the same as that of the domain
length sale L(t), i.e. (t/lnt)1/2.
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LIST OF FIGURE CAPTIONS :
gure 1 : The persistent spins in 200 x 200 2d XY model for t=4000, 6000, 8000
and 10000 after the system is quenhed from a high temperature initial stage to T=0
(white portions represent persistent sites).
gure 2: The persistent spins in 200 x 200 2d spin nemati model for t=4000,
6000, 8000 and 10000 after the system is quenhed from a high temperature initial
stage to T=0 (white portions represent persistent sites).
gure 3 : Plot of lnP(t) against ln (L(t)) for 400 x 400 XY model. The linearity of
the plot in the asymptoti time limit ensures the deay of the form P(t)= L(t)
−θ
or
(t/lnt)
−θ/2
, with θ = 0.305. The linear region extends from t=3000 to t=10000.
Average over 12 initial ongurations and 400x400 sites were taken.
gure 4 : Plot of lnP(t) against lnL(t) for 400x400 spin nemati model. The linear-
ity of the plot in the asymptoti limit ensures the deay P(t)= L(t)
−θ
or (t/lnt)
−θ/2
,
with θ =0.199. The linear region extends from t=3000 to t=10000. Average over 15
initial ongurations and 400x400 sites were taken.
gure 5 : The variation of orrelation funtion with distane for the 400 x 400
2d XY model. For small values of r, C(r,t) is independent of t. For large r, it is
same as persistene probability (lines parallel to x -axis represents P(t)). The data
are for time steps t= 2000, 4000, 6000, 8000 and 10000 (from top to bottom) with
persistene probability P(t) = 0.366, 0.331, 0.313, 0.301 and 0.292 respetively.
gure 6 : The variation of orrelation funtion with distane for the 400 x 400 2d
spin nemati model. For small values of r, C(r,t) is independent of t. For large r, it
is same as persistene probability (lines parallel to x-axis represents P(t)). The data
are for time steps t= 2000, 4000, 6000, 8000 and 10000 (from top to bottom) with
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persistene probability P(t) = 0.561, 0.527, 0.508, 0.496 and 0.487 respetively.
gure 7 : Plot of ln(C(r,t)/P(t)) against ln(r/ξ(t)). The best ollapse is obtained
when the value of ζ = 1, i.e. if ξ(t) ∼ (t/lnt)1/2. The straight line for small values
of r/ξ(t), has slope α equal to 0.305. Whih is equal to the persistene exponent of
the 2d XY model. The data used are for time t=5000, 6000, 7000, 8000, 9000 and
10000.
gure 8 : Plot of ln(C(r,t)/P(t)) against ln(r/ξ(t) ). The best ollapse is obtained
when the value of ζ = 1, i.e. if ξ(t) ∼ (t/lnt)1/2. The straight line for small values of
r/ξ(t), has slope α equal to 0.191, whih is almost equal to the persistene exponent
of 2d spin nemati model. The data used are for time t=3000, 4000, 5000, 6000,
7000, 8000, 9000 and 10000.
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